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The Topologial Hypothesis states that phase transitions should be related to hanges in the
topology of onguration spae. The neessity of suh hanges has already been demonstrated. We
haraterize exatly the topology of the onguration spae of the short range Berlin-Ka spherial
model, for spins lying in hyperubi latties of dimension d. We nd a ontinuum of hanges in the
topology and also a nite number of disontinuities in some topologial funtions. We show however
that these disontinuities do not oinide with the phase transitions whih happen for d ≥ 3, and
onversely, that no topologial disontinuity an be assoiated to them. This is the rst short
range, onning potential for whih the existene of speial topologial hanges are shown not to be
suient to infer the ourrene of a phase transition.
PACS numbers: 64.60.-i,05.70.Fh,02.40.Sf
Phase transitions (PTs) remain one of the most intrigu-
ing and interesting phenomena in physis. Mathemati-
ally, a PT is signaled by the loss of analytiity of some
thermodynami funtion [1℄ in the thermodynami limit.
Reently, a new haraterization of PTs has been pro-
posed, that onjetures that "at their deepest level PTs
of a system are due to a hange of the topology of suit-
able submanifolds in its onguration spae" [2℄. This is
known as the Topologial Hypothesis (TH) [3℄. In this
new method one studies the topology of the onguration
spae Γ of the potential energy V (x) of a system with N
degrees of freedom, determining the hanges that take
plae in the manifolds Mv = {x ∈ Γ : V (x)/N < v}
as the parameter v is inreased. A topologial transition
(TT) is said to take plae at c if Mc−ǫ and Mc+ǫ are not
homeomorphi. The idea is that somehow TTs may be
related to PTs.
The neessity of TTs at a phase transition point has
been demonstrated for short ranged, onning models [4℄.
In the XY model [2℄ TTs are found both in the mean
eld (MF) and unidimensional short range (SR) versions,
whereas a PT is present only in the MF ase. This led
to a renement of the TH: only suiently strong TTs
would be able to indue a PT. It was found that in the
MF version a marosopi hange of the Euler hara-
teristi happens at exatly the same point vc where a
PT appears. Several other models seem to be in agree-
ment with this behavior [5℄. But reently it was proved
for a nononning potential that no topologial riterion
seems to be suient to indue a PT [6℄. We show below
that the same happens for the spherial model, whih is
a onning, short ranged potential.
In the spherial model it has been found that there
is a diret orrelation between the TT and the PT, in
∗
urrent address: Departamento de Físia, CNEA - Centro
Atómio Barilohe (R8402AGP) San Carlos de Barilohe, Río Ne-
gro, Argentina
its mean eld version [7℄. Interestingly, in the ase of
nonvanishing external eld there is no PT, but the on-
guration spae displays a TT at energies that annot be
thermodynamially reahed.
In this letter we study the original Berlin-Ka spheri-
al model [8℄ for spins plaed on a d-dimensional lattie,
interating with their rst neighbors. Using tools from
topology theory we were able, for the ase of vanishing
eld, to determine its topology exatly (up to homology).
We show that the PT ourring for d ≥ 3 annot be re-
lated to any disontinuity in the homology of the mani-
folds at vc. For nonvanishing eld we annot harater-
ize the topology ompletely for all v, but show that a
very abrupt hange in the topology happens that does
not have a orresponding PT. At variane with the MF
version, the value of v at whih this topologial hange
ours is thermodynamially aessible.
The spherial model is dened by a set of N spins ǫi ly-
ing on a d dimensional hyperubi lattie and interating
through the potential V = − 12
∑
<ij> Jij ǫiǫj − H
∑
i ǫi
where Jij = J gives the strength of the interation be-
tween nearest-neighbor spins i and j, and H is an ex-
ternal eld. The spin variables are real and onstrained
to lie on the sphere S
N−1
(i. e.
∑
i ǫ
2
i = N). Periodi
boundary onditions are imposed on the lattie.
In [8℄ it is shown that, at zero eld, a ontinuous PT
appears at a ritial temperature Tc(d) for d ≥ 3, whih
is a stritly inreasing funtion of d (see Table 1). On
the other hand, no PT is possible in an external eld.
As in previous works, the thermodynami funtion we
use to relate the statistial mehanial and topologial
approahes is the average potential energy per partile
〈v〉. Although the spei details of 〈v〉 depend on d,
some features are ommon to all hyperubi latties:
〈v〉 → 0 for T → ∞ and 〈v〉 → −d (its lower bound)
when T → 0.
In the topologial approah one looks for hanges in the
topology of Mv as v is inreased. A topologial hange
happens at a ertain value vT if the manifoldsMvT−ǫ and
2d kTc/J 〈vc〉/J
3 3.9573 -1.0216
4 6.4537 -0.7728
5 8.6468 -0.6759
6 10.7411 -0.6283
TABLE I: Critial temperatures Tc and mean potential ener-
gies per partile 〈vc〉 for hyperubi latties in d dimensions.
Values obtained from analytial expressions in [8℄.
MvT+ǫ are not homeomorphi [9℄ for arbitrarily small ǫ.
To make a onnetion with statistial mehanis Casetti
et al. [3℄ proposed the nontrivial ansatz that, at the phase
transition, vT an be identied with 〈vc〉, the thermo-
dynamial average ritial potential energy per partile.
To study the topology of the onguration spae of the
spherial model it is most onvenient to write the po-
tential using the oordinates xi that diagonalize the in-
teration matrix through an orthogonal transformation:
V = −1
2
N∑
i=1
λix
2
i −
√
Nx1H (1)
where we set J = 1, and λi (i = 1, · · · , N) are the eigen-
values of the interation matrix, ordered from largest to
smallest. We dene the sets Cj , j = 0, · · · , Nˆ , where
Nˆ + 1 is the number of distint eigenvalues. Cj is the
set ontaining the indies of the eigenvalues that have
the (j +1)-th largest value. Therefore, |Cj | gives the de-
generay assoiated to the (j + 1)-th largest eigenvalue.
The Frobenius-Perron theorem ensures that the largest
eigenvalue is not degenerated, i. e. C0 = {1}.
The ritial points of this potential on the sphere
Γ = SN−1 = {x ∈ RN : ∑Nj=1 x2j = N} are found us-
ing Lagrange multipliers. Along with the spherial on-
straint, the ritial point equations are:
x1(2µ+ λ1) +
√
NH = 0 (2)
xi(2µ+ λi) = 0 i = 2, · · · , N
where µ is the Lagrangian multiplier that results from
enforing the spherial onstraint. From these equations
and Eq. (1) Nˆ + 1 ritial values of v are obtained, de-
noted vk = −λl/2, with l ∈ Ck, and k = 0, · · · , Nˆ (or-
dered from smallest to largest). Notie that the degener-
ay of the eigenvalues auses that the orresponding rit-
ial points be in fat ritial submanifolds. This implies
that in the diretions tangent to the ritial submani-
folds the Hessian vanishes, whih in turn implies that the
potential is not a proper Morse funtion. Nevertheless,
using Bott's extension of Morse theory the Euler har-
ateristi an be found exatly. However, proting from
the symmetries of the spherial model we took a more
diret route to study its topology. As we show below,
for vanishing external eld it is possible to haraterize
ompletely the topology of the Mv, by expliitly giving
the values of all the Betti numbers of the manifolds.
For H = 0 the ritial manifolds Σvj , j = 0, · · · , Nˆ ,
are given by Σvj = {x ∈ Γ :
∑
i∈Cj
x2i = N} (see eq.
(2)). These are (hyper)spheres whose dimension is given
by the degeneray of the orresponding eigenvalues. To
understand the nature of the topologial hange that hap-
pens at the ritial values of v it is neessary to know the
topology of the Mv for v between two ritial values. We
show below that in the interval (vj , vj+1) all the mani-
folds Mv are homotopy equivalent to S
D−1
, where D is
the number of eigenvalues larger than −2v. In fat we
prove that S
D−1
is a deformation retrat of Mv, whih
in turn implies their homotopy equivalene [9℄.
A submanifold S ⊂ M is a deformation retrat of a
manifold M if there exists a series of maps fν : M →M
with ν ∈ [0, 1], suh that f0 = I, f1(M) = S and fν |S =
I for all ν. The map when onsidered as f : M × [0, 1]→
M must be ontinuous. Let us take v ∈ (vj , vj+1). The
deformation retrat that takes the manifold Mv onto its
submanifold S
D−1 = {x ∈ Mv :
∑D
i=1 x
2
i = N} is given
by x(ν) = (fν1 (x), · · · , fνN(x)) with
fνi (x) =


xi
√
1 + ν
∑N
k=D+1 x
2
k/
∑D
k=1 x
2
k for i ≤ D
xi
√
1− ν for i > D
(3)
This map an easily be shown to be ontinuous at all
points x ∈ Mv. The properties for ν = 0 and ν = 1 are
evidently fullled. It is also easy to see that the retration
fν does not map any points outside Mv, sine the image
points always lie on the sphere S
N−1
, and their potential
energy does not exeed v.
Homotopy equivalene implies that the Betti numbers
of the Mv with v ∈ (vj , vj+1) are the same of SD−1:
bi(Mv) = 1 for i = 0 and i = D − 1 and bi(Mv) = 0
otherwise. Thus at eah vj a topologial transition o-
urs that hanges the topology of the phase spae from
one homotopy equivalent to S
D−|Cj|−1
to one homotopy
equivalent to S
D−1
. In terms of the Betti numbers, eah
transition hanges two of them from 0 to 1 and from 1 to
0. Thus, at variane with other models, the magnitude
of the Betti numbers is not a useful quantity in order
to haraterize the TT. It is better to look at hanges
in D − 1, the highest index of the Betti number that
hanges at eah transition. Furthermore, as we have
shown that the manifolds Mv are homotopy equivalent
to (hyper)spheres, the information about their dimension
D − 1 ompletely haraterizes their topology. Thus D
is the relevant quantity to be studied. As shown above,
the inrease of D at eah TT is given by the degeneray
of the orresponding eigenvalue. If the degeneray |Cj | is
o(N), given that D =
∑j
i=0 |Ci|, in the N → ∞ limit D
3is equivalent to the order of the ritial manifolds, whih
is dened as the number of negative eigenvalues of the
Hessian (
∑j−1
i=0 |Ci|) when restrited to the submanifold
normal to the jth ritial submanifold. This generalizes
to degenerate manifolds the denition of order of a saddle
point.
For the spherial model it an be shown that the spe-
trum of eigenvalues is ontinuous in the innite N limit.
Thus, the set of Nˆ + 1 ritial energies will be dense in
[−d, d], the interval of allowed potential energies. Con-
sequently the model has a ontinuum of TTs. In this
limit, and onsidering that D is O(N), it is onvenient
to introdue a ontinuous and normalized version of D,
d(v) = D/N , and also a degeneray density, c(v). They
are related by c(v) = ∂d(v)∂v . In the following we searh for
singularities in these funtions or their derivatives whih
ould point to partiularly strong TTs.
The spetrum of the adjaeny matrix is given by [8℄:
λp = 2
d∑
i=1
cos(2πpi/N
1/d), pi = 0, · · · , N1/d − 1 (4)
In the N →∞ limit, the degeneray density is:
c(v) = (2π)d
∫ 2π
0
(Πdi=1dωi)δ(v + λ(ω)/2)
=
∫ ∞
0
dx
π
cos(x v)(J0(x))
d
(5)
where λ(ω) = 2
∑d
i=1 cos(ωi). It an be shown [11℄ that
the integral onverges uniformly for all values of d and
therefore c(v) is a ontinuous funtion (see Fig. 1). The
derivatives with respet to v an be obtained by perform-
ing the derivative inside the integral. But, as this is only
valid if the resulting integral onverges, this proedure
allows us to obtain only the rst ⌊(d− 1)/2⌋ derivatives.
All these derivatives are ontinuous [11℄ exept for the
last, whih is disontinuous only at the following points:
at odd values of v if d is odd, at even values of v/2 if
d/2 is odd and at odd values of v/2 if d/2 is even. But
these values are learly dierent from the ones at whih
a PT takes plae, for all values of d (see Table 1). The
manifolds Mv display TTs at the points 〈vc〉 where PTs
our, sine there is a ontinuum of TTs. These TTs,
however, are not partiularly abrupt. This non oini-
dene between the levels where a speial TT (vT ) and a
PT (〈vc〉) take plae has also been observed in the φ4
mean eld model [12℄.
The only possibility left to look for a relationship be-
tween TT's (in the sense of a disontinuity of some fun-
tion of the topology) and PT's would be in the higher
derivatives of c(v), whih annot be studied by inter-
hanging the integral and derivative operations. This
possibility seems to us rather unreasonable, beause it
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FIG. 1: Degeneray density c(v) and relative index d(v) of
the ritial manifolds, for a vanishing external eld.
would imply not only that the derivative where disonti-
nuities are to be looked for depends on the dimension of
the lattie, but also that those disontinuities present in
lower order derivatives should be disregarded.
We have thus shown that disontinuities in the deriva-
tives of c(v) are not suient to indue the PT present
in the model. Furthermore, we show in the following
that, even though in the ase of a nonzero external eld
there appear disontinuities in the funtion c(v) itself, no
onnetion between suh TTs and PTs an exist, simply
beause the model does not display any PTs at all.
With H 6= 0 it is not so easy to nd the homotopy type
of the submanifolds Mv, beause of the breaking of the
symmetry introdued by the eld term in the Hamilto-
nian. Nevertheless, using Morse theory it is at least pos-
sible to establish the homotopy type of the submanifolds
up to above the seond smallest ritial energy, where an
abrupt topologial hange is shown to take plae.
Aording to Morse theory, if there is one nondegen-
erate ritial point at c ∈ (a, b), the manifold Mc+ǫ is
homeomorphi toMc−ǫ∪ ek, where ek is a k-ell. In other
words, at the ritial point, a k-ell (i.e. a k-dimensional
open disk) is attahed to the manifold, where k is the
index of the ritial point, dened as the number of neg-
ative eigenvalues of the Hessian at that point.
From the ritial point equations (2) we obtain that the
smallest ritial energy is v+ = −(λ1/2+H), and the next
is v− = −(λ1/2 − H). The Hessian of the potential on
the sphere at the ritial points x± = (±
√
N, 0, · · · , 0)
is a diagonal matrix with V ±ii = λ1 ± H − λi (i > 1).
Therefore, at these two points the Hessian is not singular,
whih implies that x± are nondegenerate ritial points.
But λ1 is the largest eigenvalue, therefore for v+ all the
eigenvalues Vii are positive. This was to be expeted
beause this is the absolute minimum of the potential.
4Topologially this means that for v < v− Mv is homotopy
equivalent to a disk. For v = v− the index of the ritial
point depends on the eld: if λ2 < λ1 − H , v− is a
minimum. Thus, denoting the next ritial value by v2,
Mv for v ∈ (v−, v2) is homotopy equivalent to the union
of two disjoint disks on the sphere. However, for large
values of N the topologial senario is diferent. Sine in
this limit the spetrum of the adjaeny matrix beomes
dense, a ertain number k of its eigenvalues will fall into
the interval (v+, v−). This number beomes the order of
the ritial point at v−, and gives the dimension of the
k-ell that is attahed to the disk. The manifold Mv for
v ∈ (v−, v2) is therefore homotopy equivalent to a sphere
of k dimensions. For large N , k beomes proportional
to N . In the interval (v+, v−) the manifolds Mv have
the homotopy type of a point. At v− an abrupt hange
in the topology takes plae, and the Mv have now the
homotopy type of a sphere with a marosopi number
of dimensions (see the jump of c(v) in Fig. 2).
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FIG. 2: Degeneray density c(v) and relative index d(v) of
the ritial manifolds, for a nite eld. A delta funtion is
assumed at the disontinuity point in the graphs of the left
olumn.
For higher values of V , the ritial values are given by
vj = −λj/2 + H2/2(λ1 − λj), but only for j suh that
λ1 − λj > H . Notie that, at variane with the ase
of vanishing H , there is a threshold energy below whih
the ritial values have been suppressed. The ritial
submanifolds ouring at eah vj are again hyperspheres
whose dimension is given by the degeneray of the or-
responding eigenvalue λj . For all ritial values we have
alulated the order of the ritial manifolds, d(v), as well
as the relative degeneray, c(v), for a few values of d (see
Fig. 2). The main dierene with the results for H = 0
is that now the onnetion between the order and the
topology of the dierent manifolds is less obvious, and
we have not been able to identify the homotopy types
for all values of v. Nevertheless we have found exatly
the topologial hange that takes plae at v−, and have
shown that it is marosopi. It may ome as a surprise
that this very abrupt hange does not have a PT assoi-
ated to it.
We have shown that the manifolds of the ongura-
tion spae of the short range spherial model display a
ontinuum of topologial transitions. Hene the nees-
sity ondition implied by the theorem in [4℄ is trivially
met. Also, strong disontinuities have been found either
in a funtion of the topology or in its derivatives. Al-
though these disontinuities represent abrupt hanges in
the topology we have shown that they are not assoiated
to PTs. Conversely, at the points where PTs take plae
no abrupt hanges are observed in the topology. These
are the rst results on a short range onning potential
to hallenge the suieny of a topologial mehanism in
the origin of a phase transition.
One intriguing question that arises is whether the topo-
logially abrupt hanges that we have found an have
some inuene on the dynamis of the model.
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